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We consider transient random walks on a strip in a random en- 
, vironment. The model was introduced by Bolthausen and Goldsheid 

[Comm. Math. Phys. 214 (2000) 429-447]. We derive a strong law of 
large numbers for the random walks in a general ergodic setup and 
obtain an annealed central limit theorem in the case of uniformly 
Qi^ ' mixing environments. In addition, we prove that the law of the "en- 



(— I , vironment viewed from the position of the walker" converges to a 

limiting distribution if the environment is an i.i.d. sequence. 



(N 



1. Introduction. In this paper we consider random walks in a random 
environment (RWRE for short) on the strip Z x {!,..., d} for some fixed 
^ ■ d G N. Transition probabilities of the random walk are not homogeneous in 

CN . the space and depend on a realization of the environment. The environment 

^ I is a random sequence lo = (w„)„gz, and, given uj, the random walk Xn is 

• a time-homogeneous Markov chain on the strip with transition kernel H^^ 

O . such that: 

' (i) Hi^{{n,i), {m,j)) = if |n — m| > 1, that is, transitions from a site 

r"| ■ (nji) are only possible either within the layer n x {1, . . . ,d} or to the two 

neighbor layers; 

^ ■ (ii) for n G Z, the d x d matrices H^{{n,-), (m,-)) with m = n — 1, n, 

n + 1 are functions of the random variable w„. 
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One can study properties of the random walk Xn that hold either for almost 
every realization of the environment (so-called quenched setting) or under 
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the law obtained by an averaging over the set of environments (the annealed 
setup). 

The RWRE on a strip were introduced by Bolthausen and Goldsheid [5]. 
It is observed in [5] that the RWRE on Z with bounded jumps introduced by 
Key [19] can be viewed as a special case of this model. Other particular cases 
include a transformation of directed-edge-reinforced random walks on graphs 
[16], persistent RWRE on Z [1, 25] and, more generally, certain RWRE on 
Z with a finite memory. In the last case, the elements of the set {1, . . . ,d} 
represent states of the memory. 

Due to the uniqueness of the escape direction in the state space of the 
random walk, the model shares some common features with the well studied 
nearest-neighbor RWRE on Z (see, e.g., [27], Section 2, for a comprehen- 
sive survey). However, due to the inhomogeneity of the kernel H^^ in the 
second coordinate, there are important differences that make standard one- 
dimensional techniques not directly available for the study of the RWRE 
on strips. For instance, in contrast to the one-dimensional model, for a gen- 
eral RWRE on a strip (1) exit probabilities of the random walk are rather 
nonexplicit functionals of the environment; (2) excursions of the walker be- 
tween layers are dependent on each other and do not form any probabilistic 
branching structure; (3) the random times ?:„ = T„ — T„_i, where Tn is the 
first hitting time of the layer n, are not independent in the quenched set- 
ting and are not stationary in the annealed setup. Some of these issues are 
addressed in [5] and in the recent work of Goldsheid [15], as well as in the 
present paper (see, e.g.. Lemma 3.2 below). 

For RWRE with bounded jumps on Z it is possible to transform potential 
equations associated with the random walk into evolution equations of a 
linear dynamical system. This approach for establishing recurrence criteria 
was initiated by Key [19] and further developed by Letchikov [21, 22, 23], 
Derriennic [9] and Bremont [7, 8]; see also the paper of Keane and Rolles 
[25]. Using a different method, the recurrence and transience behavior of the 
random walks on a strip is related in [5] to the sign of the top Lyapunov 
exponent of a sequence of random matrices [defined below by (8)]. 

The main results of this paper are a strong law of large numbers (cf. 
Theorem 2.1) and an annealed central limit theorem (cf. Theorem 2.5) for 
the first coordinate of transient RWRE on a strip. The asymptotic speed of 
the random walk is expressed in terms of certain matrices (in particular a„) 
introduced in [5] and we give a sufficient condition for the nonzero speed 
regime (cf. Corollary 2.2). To prove the law of large numbers and the limit 
theorem we introduce an annealed iiiGcisurG that makes — — T^i—i 

into 

a stationary ergodic sequence. The results that we obtain are similar to, 
although are less explicit, than the corresponding statements for nearest- 
neighbor RWRE on Z. In two particular cases, namely for persistent RWRE 
on Z (cf. [1, 25]) and for RWRE on Z with bounded jumps (cf. [7, 8, 21]), 
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similar results were previously obtained by different methods. We note that 
a quenched CLT for RWRE on a strip was recently obtained in [15]. In 
addition, for a class of i.i.d. environments we prove that the law of the 
"environment viewed from the position of the walker" converges toward 
a limiting distribution. Similar results for RWRE on were previously 
established by Kesten [17] {d = 1) and Sznitman and Zerner [26] (d > 1). 
The renewal structure that we use in order to prove this theorem is a hybrid 
of the two introduced in [17] and [26]. 

We turn now to a precise definition of the model. Let d > 1 be any integer 
and denote 2? = {1, . . . , d}. The environment uj = {ujn)nez is a stationary and 
ergodic sequence of random variables taking values in a measurable space 
iS,B). We denote the distribution of on := {S^,B^^) by P and the 

expectation with respect to P by Ep. 

Let Ad be the set oi d x d matrices with real-valued nonnegative entries 
and let Vd C Ad denote the set of stochastic matrices. Let three functions 
P = {p{i,j))i,jev, q = {q{hj))i,jev, r = {r{i,j))ij(zT):S Ad be given such 
that p + q + r £ Vd- For n G Z, define the following random variables in 
{Q,T,P):pn = p{uJn), qn = q{'^n), r„ = r(wn). The triples {pn,rn,qn) will 
facilitate the definition of transition probabilities of the random walk Xn . 

We will denote the first component of Xn by and the second one by 
Yn, that is, 



It will be convenient to consider random walks for which = with prob- 
ability 1, but the initial position Yq of the second component is random 
and its distribution is a function of the environment a;_(u;) := {u;n)n<o- Let 
Vvd C be the set of probability measures on the finite set T> and define 
Md C (Vrd)^ as follows: 

Aid = {{fJ'uj)ujen : w ^ /U(j is a measurable function from 17 to Vrd 



Given a collection /x = {^uj)u)^n G -Md-, of initial distributions on P, the ran- 
dom walk on the strip "Z x D in environment uj Gil is a time-homogeneous 
Markov chain X = {Xt)t£Z+ taking values in Z x 2? and governed by the 
quenched law defined by transition probabilities (here n G Z and i,j G T>) 



and initial distribution P/^iCo = 0,Yq = yo) = fiuiiuo) for any yQ gV. That is, 
for any finite sequence xq = (0, yo),xi, . . . ,Xn of elements in Z x D, 

P^{Xo = Xo,Xi=Xi,...,Xn = Xn) 

= lJ'u;{yo)H^{xQ,Xi) ■ ■■H^{Xn-l,Xn)- 



-^n — (^ni Yn) 



in G z, y„ G V. 



and /Xq, = if u)-{a) = a;_(/3)}. 




rn{i,j) 
qn{i,j) 



if X = {n,i) and y = {n-\- 1, j) 
if a; = (n, i) and y = {n,j), 
if X = (n, i) and y = {n — 
otherwise, 
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Let Q be the cyhnder cj-algebra on (Z x V) , the path space of the walk. 
The random walk (associated with fi) on ZxT> in a random environment is 
the process {(jJ,X) in the measurable space x (Z x T))^,J^ x Q) with the 
annealed law ¥^ = P ^ defined by 

p/^(F xG) = J^ PiiiG)Piduj) = Ep{Pii{Gy,F), FeT, GeQ. 

That is, the annealed law of X„ is obtained by averaging its quenched law 
(i.e., given a fixed environment) over the set of environments. 

Let us introduce some further notation. We denote by P^ (resp., P*) the 
quenched (annealed) law of the random walk starting at site (0,i). That is, 
r{-)=Ep{PU-)) and 

PU-)=Plii-) with^^(i)=L 

Throughout the paper we use the notation := (0, . . . , 0) G M*^, 1 := (1, . . . , 1) G 
M*^, and denote by Cj, i = 1, . . . ,d, the vectors (0, . . . , 1, . . . , 0) of the canon- 
ical basis of M^. We denote by O the zero d x d matrix and by / the unit 
d X d matrix. The notions ">," "<," "positive," "negative" and "nonneg- 
ative" are used for vectors and matrices in the usual way. For instance, a 
d X d matrix A is said to be nonnegative ii A>0, that is, A{i,j) > for 
all i,j G v. For a vector x = {x^, . . . ,x'^) G M*^ let ||x|| := maxjgx> and 
for a d X d real matrix A let ||^|| denote the corresponding operator norm 
supj^gjgd. ||x||=i} W^^W = ™axjgx> Z^jeX) We frequently use the fact that 

if a d X d matrix A is nonnegative, then ||A|| = ||A1||. Finally, we use the 
notation Ia for the indicator function of the set A. 

We next introduce our basic assumptions. For n G Z, define the random 
times 

(1) Tn = ini{i : = n} and r„ := - T^-i, 

with the usual convention that the infimum over an empty set is oo and 
oo — oo = oo. Let rin{i,j) be the probability that the walker starting at site 
(n,i) in environment uj reaches the layer n + 1 at point (n + l,j), that is 
(with some abuse of notation, in this and similar cases, we usually will not 
indicate explicitly the dependence on uj), 

(2) Vn{i,j) = Pi)nUY^,=j), 
where : — > J7 is the shift operator defined by 

(3) {9uj)n = u;n+i, nGZ. 

A "continued fractions" representation of r/„ in terms of the sequence ujn is 
provided in [5], page 437 [see especially identities (2.5) and (2.7) there]. 

The following Condition C is borrowed from the paper of Bolthausen and 
Goldsheid [5]. 
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Condition C. 

(CI) The sequence {uJn)nez is stationary and ergodic. 

(C2) Ep{log{l - ||ro +po||)~') < oo, £;p(log(l - ||ro + goll)"') < oo. 

(C3) For all j G V, 

d d 

X!9o(«,j)>0 and ^Po(«,j)>0, 

i=l i=l 

P-almost surely. 
(C4) P{vo{i,j) > 0) = 1 for all i,j G V. 

Note that since 

(4) min V go(«,j) = 1 - Iko +Po||, min V po(«, j) = 1 - Iko + i?o||- 

Condition C2 implies that for all i gT>, P-a.s., 
d d 

(5) J2lo(^^j)>^ ™d I]po(«,j)>0. 

In this paper we concentrate on random walks X„ which are transient to the 
right, that is, P*(lim„^ooCn = oo) = 1 for all i£T>. We next recall the crite- 
rion for the transient behavior of X„ obtained by Bolthausen and Goldsheid 
in [5]. Let Cn = Cn{^), n G Z, be a stationary sequence of d x d stochastic 
matrices solving the equation 

Cn = {I -qnCn-l-rn)~^Pn, P-a.S., n £ Z. 

This sequence exists and is in fact unique by Theorem 1 in [5]. Let 7„ = 
(/ — QnCn-i — ''n)~^; and introduce for n G Z the following random matri- 
ces: an = ^nQn = {I — QnCn-1 — fn)~^qn- As we shall See, the matrices a„ 
play essentially the same role for RWRE on a strip as the random vari- 
ables Pn = -P[^(jump from n to n — 1)/P^(jump from n to n + 1) do for the 
nearest-neighbor RWRE on Z. 

By the subadditive ergodic theorem of [14], condition C2 ensures that 
there exists a nonrandom number A such that 

A= lim 1/n • E'pflog ||a.„ • • • aill) 

n^oo 

= lim 1/n-log a„---ai , P-a.s. 

n— >oo 

It is shown in [5] that under Condition C, Xn is transient to the right if and 
only if A < 0. Therefore we will assume throughout the paper: 



Condition D. A < 0. 
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This condition is a generalization of the transience criterion Ep{logpo) < 
oo for the RWRE on Z (see, e.g., [27], Section 2). If the random walk is 
transient to the right, P{rin = Cn) = 1 [5] and hence we have P-a.s. for all 
neZ: 

(7) 'yn = (I - qnJ]n~l - rn)~^ 

and 

(8) a„ = (/- g„,7?„_i - r„,)~^g„. 

The rest of the paper is organized as follows. The main results are stated in 
Section 2. A law of large numbers for ^„ (cf. Theorem 2.1) and a criterion 
for a positive asymptotic speed (cf. Corollary 2.2) are proved in Section 3. 
Section 4 is devoted to the Markov chain "environment viewed from the 
particle." In particular, we prove there that the law of the Markov chain 
converges toward a limiting distribution. An annealed central limit theo- 
rem for a normalized random variable ^„ in the case of uniformly mixing 
environments is given by Theorem 2.5 and is proved in Section 5. 

2. Statement of main results. Let vr = ('7r^;)(^gn G Aid be a collection of 
probability measures on P defined P-a.s. by 

(9) 7r^= lim eir/_„(u;) • • • r/_i(u;). 

n — ^oo 

It follows, for example, from part (iii) of Lemma 3.3 that the limit in (9) 
exists P-a.s., does not depend on i, and defines a probability measure on 
D = {1, . . . ,d} whose support is the whole T>. 

It is shown in Section 3 that the sequence (rn)ngN is stationary and ergodic 
under P'^ and the following law of large numbers holds. 

Theorem 2.1. Let Conditions C and D hold. Then for every fj, € Md: 
the following limits exist P^-a.s. and the equality holds: 

Vp := lim S,n/n= lim n/Tn 

n— ►oo n— >oo 

= 1/Ep{tt^ ■ {bo + ao6-i + aoa-i&-2 H )), 

where bn := 7ri,l- 

The formula for the asymptotic speed yields the following characterization 
of the positive speed regime. 

Corollary 2.2. Assume that: 



(i) Condition C holds. 
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(ii) There exists e > such that P-a.s., J2'j=iPn{hj) > e for all i £T> 
and all n G Z. 

(iii) limsup„^3o l/nlog£;p(||aoai • ■■an~i\\) < 0. 

Then P{vp > 0) = 1. 

Assumption (iii) of Corollary 2.2 is a generalization of the correspond- 
ing condition limsup^^o^ Mog£'p(/3o/0i • • • /On-i) <0 for RWRE on Z (cf. 
[27], Section 2). Note that by Jensen's inequality this assumption implies 
Condition D. Assumption (ii) implies in virtue of (4) that P-a.s., 

||6„|| = ||7„1|| = ||7„|| < (1 - \\qnVn-l + rn\\)~^ 

(10) 

= (l-||gn + r„||)-^<l/e, 
and hence, by condition (iii) of the corollary, 

limsupilogSp(||aoai • • • a_„+i6_„||) 

n^oo n 

(11) 

< limsupl/nlog^p(||ao«i • • -a.^+iH • ||6_„||) < 0. 

n— >oo 

Consequently, Vp > because the formula for the asymptotic speed given 
by Theorem 2.1 and inequality (11) imply that 

-j^ oo 

— <Y] E'pdlvr^ll • llaofli • • • a_„+i6_„,||) 

n=0 

oo oo 

< ^ Ep{\\aQax ■ --a^n+ib^nW) < < ^ 

n=0 n=0 

for some constants a,b> 0. 

In Section 4 we study the "environment viewed from the particle" process 
(6'«"u;,y„)„>o. By Lemmas 3.1 and 3.2, Vp = 1/E'^(ri). Therefore Proposi- 
tions 4.1 and 4.8 yield 

Theorem 2.3. Let Conditions C and D hold. Then Vp > if and only 
if there is a stationary distribution Q for the Markov chain = {9^'^u!,Yn), 
n > 0, which is equivalent to P® {counting measure on T>}. If such a distri- 
bution Q exists it is unique and is given by the following formula: 

(12) Q{B,i)=Vpw(Y,lB{uJn)lY,.{i)\, BeJ',ieV, 

\n=0 J 

where cU„ := 6'^"cj. 



8 



A. ROITERSHTEIN 



For i.i.d. environments, similarly to the RWRE on Z (see [17] for d = 1 
and [26] for d > 1), the law of the environment viewed from the particle 
converges toward its unique stationary distribution. More precisely, we prove 
in Section 4 the following theorem. 

Theorem 2.4. Assume that {u>n)nez is an i.i.d. sequence, Conditions 
C and D hold, and > 0. Then for any £ Md, under the law ¥^ the 
sequence Xn = {9^"uJ,Yn) converges weakly to the limiting distribution Q as 
n goes to infinity. 

In the case where {LOn)n& is a uniformly mixing sequence we obtain in 
Section 5 the following central limit theorem. Let cj^") = a{uji -.i > n), an = 
a{ijJi :i<n), and 

</.(n) = sup{P{A\B) - P{A) : A G cj("\ S G (Tq, P{B) > 0}. 

Recall that the sequence lj„ is called uniformly mixing if (j){n) -^n^^o 0. Let 
(p{n) := 2(j){n). For uniformly mixing sequence it holds that (cf. [11], page 9) 

(13) \Ep{fg) - Ep{f)Ep{g)\ < (^(n)||/||oo||5lli 

for bounded a{uji:i> n)-measurable functions / and bounded a{uJi:i < 0)- 
measurable functions g. 

Theorem 2.5. Let Condition C hold and assume in addition that: 

(i) There exists e > such that P-a.s., J2'j=iPnii,j) > e for all i £T> 
and all n G Z. 

(ii) hm sup ^^^ re ~Mog .Bp ( 1 1 apai • ■■an-i\\'^) < 0. 

(iii) J2n'=i V'^C^T^ ^) where the mixing coefficients ip{n) are defined in 
(13). 

(iv) We have limsup„_>(^n ^logEp{coCi- ■ ■ Cn-i) < for Cn = 1 — 
maxjgx, miuj-gx, r]n{i,j). 

Then there exists a positive constant o" > such that for any fj, £ M^, 
n~^/^(^.„ — n ■ Vp) ^ A^(0, cj^) under ¥^ as n ^ oo, where N{0,a'^) stands 
for the normal distribution with variance . 

Assumption (ii) of the theorem implies by Jensen's inequality Condi- 
tion D. Moreover, by Corollary 2.2, Vp > 0. We note that condition (iv) 
of Theorem 2.5 is implied by a number of more explicit assumptions, for 
instance by the following one: limsup„^oon~^log£'p(co • • - ci • • -Cn-i) < 0, 
where c^i = 1 — minjgx>Pn(^*)i) for some i* G T>. 
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3. Law of large numbers for This section is devoted to the proof of 
Theorem 2.1. The law of large numbers for is derived from the correspond- 
ing statement for the hitting times T„ introduced in (1). More precisely, we 
have: 

Lemma 3.1. Let Conditions C and D hold and assume in addition that 
P^(lim„^oo ^n/''^ = a) = 1 for some a G (l,oo] and G M.d- Then 
W{\min-.o^in/n = l/a) = 1. 

The proof of the lemma is similar to that of the analogous claim for the 
RWRE on Z (cf. [27], Lemma 2.1.17) and thus is omitted. 

In contrast to the nearest-neighbor RWRE on Z, the sequence r := (T„)„gN 
defined in (1) is in general not stationary for transient random walks on the 
strip. However, as the next lemma shows, the sequence is stationary and 
ergodic under P'^, where vr = (vr^)^^^^ is defined in (9). 

Lemma 3.2. (a) r = (r„)neN is a stationary sequence under . 
(b) T = (r„)„gN is ergodic under . 

Before we turn to the proof of the lemma, let us have a closer look at the 
matrices ry^ introduced in (2). Conditioning on the direction of the first step 
of the random walk we get that ry„ verify the following equation: 



In fact, under Conditions C and D, {rj,n)n& is the unique stationary sequence 
which satisfies recursion (14) (cf. [5]). In the following lemma we collect some 
properties of the matrices rjn that were proved in [5]. 

Lemma 3.3 [5]. Let Condition C hold and assume in addition that 
P(lim„^oo in = +00) = 1. Then: 

(i) The extended sequence {ujn-,rjn)n&i is stationary and ergodic. 

(ii) The matrices rjn are P-a.s. stochastic and P{rjQ > 0) = 1. 

(iii) There are an ergodic stationary sequence of matrices (7r„(cj))„gz and 
a sequence of matrices (en,m('^))nGZ,meN such that for all n (^Z and m £ N.' 

(a) '?/n-m ■ ■ ■ ^n— 2'?n-l = ■^n + £n,m- 

(b) Tin are strictly positive column matrices, that is, P-a.s., '7r„(i,/c) = 
'^nij, k) > for any i,j, k £T> and n G Z. 

(c) -P(||en,m|| < Cn-i---Cn-m) = Ij whcre Cn are introduced in the 
statement of Theorem 2.5. 



r]n=Pn + rnVn + qnVn-lV', 




11n = il - qnVn-l " ?^n) = TnPi 



71 EZ. 
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Part (i) of the above lemma follows from [5], Theorem Ic, because if 
P(lim n-*ooS,n — +00) — 1, then i]n Coincides with d^n defined there. Part (ii) 
is the content of [5], Lemma 4 and [5], Corollary 2. Part (iii) is essentially 
[5], Lemma 9 with the only exception that our choice of the numbers Cn is 
different from that of [5] . The above version follows from a contraction prop- 
erty of Doeblin's stochastic kernels (in particular, strictly positive stochastic 
matrices); compare [10], page 197. 

Proof of Lemma 3.2. (a) Recah the shift operator 0:Q^Q, defined 
in (3). By the definition, vrgn^ = iTQn-i^rjn-i and hence, by induction on n, P- 
a.s. we have '/r0n^(-) = PJ(Ct„ £ •) for n > 0. Since {rin{oj))n&'E is a stationary 
sequence under P, so is the sequence (vr0n^)„gz. Let 9^ be the shift operator 
for the sequence r defined by (6^T)n = Tn+i, that is, 9^t{uj) = t{6lo). Then, 
for any n G N, 

P-(0^ e •) = E EpiP^iYT^ = i)P^njT E •)) 

= J2Epi7rUi)PUr€-))=F^TG-), 

where the last but one step follows from the translation invariance of the 
measure P with respect to the shift 6. 

(b) For n e N, let Xn = {0'^u>,YT„,Tn). It is easy to see that under P'^, 
(xn)neN is a stationary Markov chain with transition kernel 

K{uj,i,n; A,j,m) = P^in = m,Yrri = j)lA{Ouj). 

The claim of part (b) follows from the following lemma: 

Lemma 3.4. The sequence {xn)n£N is ergodic under P'^. 

We turn now to the proof of Lemma 3.4. Denote X := {xn)nez+ and 
let S = $7 X D X N be the state space of the Markov chain (xn)n£N- Let 
A £ cr{xn :n > 0) be an invariant set, that is, ri~^A = A, P'^-a.s., where rj 
is the usual shift in the space : (r/A')„ = Xn+i- It suffices to show that 
P''(^) G {0,1}. For X G S let P^. be the law of the Markov chain (x„)„>o 
with the initial state xq = x. Set h{x) = ¥x{A). The following lemma is a 
general property of stationary Markov chains (see, e.g., [6], page 12 or [27], 
page 207): 

Lemma 3.5. (i) The sequence {h{xn))neN forms a martingale in its 
canonical filtration. 

(ii) There exists a measurable set B cS> such that h{xQ) = Ib{xq), P'^-a.s. 
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It remains to show that P'^(xo G -B) G {0,1}. By the martingale prop- 
erty of the sequence h{xn), = KIb{x), we have P'^-a.s. Write B = 
UiG© UnGN ^ {^} ^ {^}- We have, for P-a.e. environment uj, 

=lB(tJ,i,n) = KlBiu;,i,n) 

Therefore, for ah m,n € N, 15.^^(0;) = 1^. ^(w) with probabihty 1. That is, 
using the notation I^- := I^. ^, n G N, we can write 

(15) B=\jBiX {i}, 
and the preceding equation becomes 

jev jev 
Since 1^- € {0, 1}, and by condition C4, P{r]o > 0) = 1, we obtain that 

(16) Ib,{u;)=Ib^{9uj) for all i,jeV, P-a.s. 

In particular, I_Bj(i^) are invariant functions of the ergodic sequence (wn.)nGZ, 
and hence P{Bi) E {0, 1}. Furthermore, by (16) and the translation invari- 
ance of the measure P, we have P{Bi) = P{9Bj) = P{Bj) for every i,j € T>. 
It follows from (15) that ¥'^{B) £ {0, 1}. The proof of the lemma is complete. 
□ 

Applying the ergodic theorem to the sequence r = {Tn)n>i, we obtain 
that P''(lim„_ooT„/n = a) = 1, where a := E''(ri). Since P(7r^ > 0) = 1 
(cf. Lemma 3.3), the a.s. convergence of T„/n under P'^ implies the a.s. 
convergence under P^ for any /i € Md- In the next lemma we compute the 
limit a = l/vp. For any integer n < and j &T) let 

(17) <(^) = i?^(Ti|Xo = (n,j)), 

and denote by u„ the vector (u^, . . . , u^). Then a = Ep{'Ki^uq{ijo)) and we 
have: 

Lemma 3.6. Let the conditions of Theorem 2.1 hold. Then P-a.s., 

uo = bo + aob-i + aoa_i6_2 H < oo, 

where bn :=7nl and the random matrices 7^ and an are defined in (7) and 
(8), respectively. 



12 A. ROITERSHTEIN 

Proof. For n < and i £T>, decompose the path of the random walk 
with Xq = {n,i) according to the value of Xi: 

(18) n= ^I|g^=„+fc^y^=j}(l + fl), 

fce{-i,o,i}ie© 



where (1 + fi) is the (possibly infinite) first hitting time of the layer {1} x "D 
after time 1. 

Setting til = and taking expectations in the previous identity, we obtain 

(19) Un = l + QnUn-l + rnUn + PnUn+1 , n<0. 

Let yi := uq and, using the usual convention that oo — oo = oo, define for 
n<0, 

(20) yn = Un-l-rjn-lUn. 

Note that by the definition y,„ > for all n < 0. Indeed, 
<_i=^^(ri|Xo = (n-l,i)) 

= 51 'nn-i{i,j)E^{Tn + Ti -Tn\XQ = {n - l,i),lT„ =i) 

^ X! Vn-i{i,j)E^{Ti -Tn\Xo = {n-l,i),YT„ = j) 
j&v 

= Vn-l{hj)E^{Ti\Xo = {n,j)) = {r]n~lUn)\ 

where {rfn-iUnY denotes the ith component of the vector r/„_in„,. 

Substituting the expression for n„,„i given by (20) into (19) we obtain 

(I - g„,r/„_i - r„,)u„ = 1 + qnVn + PnUn+l , n < 0, 

and hence, in view of (14) and (8), 

(21) Vn+l = K + anVn, n<0. 

Iterating the identity (21) and using a standard truncation argument, we 
will next show that 

(22) uo = yi = bo + aofe-i + aoa-i6_2 H • 

First, observe that (21) yields for any n G N, 

yi = bo + ao6_i + aoa_i6_2 H h ao • • • a-n+ib-n + ao • • • a-nU-n 

>bo + aob-i + aoa-i6-2 H h aoffl-i • • • a-n+ib-n, 

and hence yi > 6o + EJ^Li ooa-i • • • a_„+i6_„. 
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To show that the reverse inequahty holds, fix any real number M > and 
define for integers n<0 d-vectors Vn,M by setting 

vi^j{uj)=EUTiAM\Xo = {n,j)) 

for the jth component of the vector. Here we use the standard notation 
X Ay = inm{x,y}. It follows from (18) that 

(23) Vn,M < 1 + qnVn-l,M + r-„f „,,M + Pnf n+l,M, n < 0. 

Indeed, if at least one of the summands I{^^=.^yj=.}(l + fi) in the right-hand 
side of (18) is bigger than or equal to M, the left-hand side is at least M as 
well. In this case 

n A M < E i{5i=n+fc,n=i}(i + Ti) A M 

feG{-l,0,l}jGX> 

< 1 + E E l{5i=n+fc,yi=i}n A M. 

Taking the expectations in (24) we obtain inequality (23). 

Letting zi^m ■= vq^m and for n < 0, Zn,M ■= Vn-i,M - Vn-iVnM^ we get 
from (23), similarly to (21), that 

Zn+1,M <bn + anZn,M' n<0. 

Since ||2;n,A/|| ^ M and ||ao • • • fl-n+i || — > by Condition D, it follows that 
zi,M <bo + J2'^=i aofl-i ■ ■ ■ cL-n+ib-n and hence (22) holds. 

To complete the proof of the lemma it remains to show that the right- 
hand side of (22) is P-a.s. finite. In fact, the following standard argument 
implies that, under the conditions of Theorem 2.1, the norm of the vectors 
aoa_i • • • a_„6_„_i decay exponentially. Namely, 

lim 1/n • log ||aoa_i • • • a_„&_,j_i II < 0, P-a.s. 

n— >oo 

In virtue of Condition D and the multiplicative property of the norm, it 
suffices to show that 

(25) lim l/n-log||6„|| =0, P-a.s. 

n^oo 

Toward this end observe first that 

£;p(log ||6„||) = ^p(log ||7„1||) = ^p(log hnll) 
<Ep{log{l-\\qnr]n-i + rn\\r^) 
= Ep{{l-\\qn + rn\\r'^)<oo, 
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where the last inequahty is due to Condition C2. Since the sequence of 
matrices (7n)nez defined in (7) is stationary, and hence the sequence of 
vectors bn = 7nl is stationary as well, we have for any fixed e > 0, 

oo oo 

J2 -P(l/nlog >e) = J2 -P(log ll^nll > ^e) 

n=l n=l 

= Sp(log||6o||) - Koo, 
implying by the Borel-Cantelli lemma that P(l/nlog > e i.o.) = 0. □ 

4. Environment viewed from the particle. This section is devoted to 
the proof of Theorems 2.3 and 2.4. It is shown in Proposition 4.1 that if 
Vp > 0, the process x„ = {6^'^uJ,Yn) is stationary and ergodic under the law 
induced by the initial distribution Q of xq [introduced in (12)] and the 
quenched measure P^j- The converse part of Theorem 2.3 is given by Propo- 
sition 4.8. Proposition 4.5 defines a renewal structure for the paths of the 
random walk Xn which is the key element in the proof of Theorem 2.4. The 
proof that in an i.i.d. environment the law of x„ converges toward a limiting 
distribution (Theorem 2.4) is completed at the end of the section. 

Let ZJn = 6^"u> and consider the process = (a;„,y,i), n > 0, defined in 
{Q X (^Sx)), where Sd is the set of all subsets of V. For any /x G J^^, 
{xn)n>o is a Markov chain under P'^ with transition kernel 

K{uj,i;B,j) =po{i,j)lB{Ouj) +ro{i,j)lB{uj) +qo{i,j)lB{0~'^uj). 

By Lemmas 3.1 and 3.2, E'^(ri < oo) = 1 if t^p > 0. Hence Q is a probability 
measure. It is shown in Proposition 4.1 below that Q is an invariant distri- 
bution for the kernel K, that is, jQ^j^Q{dx)K{x, A) = Q{A) for A G !F®Sxi- 
Define a probability measure Q on {^,J^) by setting 

Q{B) = Q{B,V), BeJ^, 

and define a collection u = {i'uj)ujen G -Md of probability measures on V by 
setting 

i/^(i) = ^§^, where QiiB):=Q{B,i) for G ^. 
dQ{uj) 

For m < and i G D define 

(26) iV^:={#nG[0,ri):en = m,y„ = i}. 

Note that for any bounded measurable function / : $7 ^ R and all i gD, 



„ oo 

/ f{u;)Qiduj, i)=VpYl IE"(/(u^n); = i,Ti> n) 
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(27) 



m<0 



\keV m<0 



VpEpif{uj) ^9- 

\ k£Vm<0 



Therefore, 



Vuj{}) = = — f 7—, P-a.s. 

X/fcGl) X/m<0 '^8~"^lli 

Note that 

(28) P^(i/^(i) >o) = 1 yiev, 

because Ei{N^) > 1. 

Set Q = Q Pi^- In words, under Q the envhonment uj is distributed 
according to the measure Q while the initial position Yq of the random walk 
in environment uj is determined according to the measure u^^. With a slight 
abuse of notation we will denote by Q also the annealed measure induced 
on the path space of the random walk, that is, 

Q((^n)n>0 G •) = EQ{P:{{Xn)n>0 G ■)), 

where Eq stands for the expectation with respect to Q. 

The following proposition is standard for one-dimensional processes in 
random environment (see, e.g., [20], [6], Lecture 1, [27], Section 2.1). Note 
that we do not assume here yet that the environment is an i.i.d. sequence. 



Proposition 4.1. Let Conditions C and D hold and assume in addition 
that Vp > 0. Then: 

(a) The measure Q is invariant under the kernel K , that is, 

Q{B,i) = Y I I lB{uj')K{u,j;duj',i)Q{duj,j). 

In particular, the sequence {uJn,Yn)n>o stationary under the law Q. 

(b) Q ^ P and := ^ < dVp\\uQ + Yj'^i ' • • «2ai(l + 'Uo)||, where 
the vector uq is defined in (22). 

(c) The sequence {uJn,Yn)n>o is ergodic under the law Q. 

(d) Q is the unique invariant probability measure for the kernel K which 
is absolutely continuous with respect to P ® {counting measure on T>}. 
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Proof, (a) The proof is by a "cyclic argument." We have 

oo 

Q{B, i)=VpY. ^"(^« <^B,Yn = i; Ti > n) 

n=0 

and, on the other hand, 

—QK{B,i) = — Y, f K{Lo,j;B,i)Q{du,j) 

oo 

= ^E-(Iij(cJ„+i)I|,}(y„+i);ri > n) 

n=0 
oo 

= ^ E-(lB(cJ„+i)I|,}(y„+i);ri = n + 1) 

n=0 

oo 

+ E-(lB(cJ„+i)I{,}(y„+i);Ti > n + 1) 

n=0 

oo 

= P-(sjri e =i) + Y. G ^, = Ti > n). 

n=l 

Using (9) and the translation invariance of P with respect to the shift 9, 

P^(uJti G i?, ^T: = = EpiY,TT^{j)Pi{YT, = i)lB(^C^) ) 

= Ep{T^eu.ii)lB{euo)) = Ep{T,^{i)lB{uj)) 
= P"(yo = i,cJoG5), 

completing the proof. 

(b) It follows from (27) that 

A(^) = ^'p E E T^e-rnuik)E^-mjN.m ■ 1), 

fcGX'm<0 

where the vectors Nm = {N^, . . . , N^) are defined in (26). 
For m < and n < 0, let 

(29) M^_„ := E^{N„, ■ l\Xo = (n, A;)), 

and define M„^ .„ = (M^ . . . , „). 

Conditioning on the first step of the random walk and setting i ■= 
for any k gD, we obtain for m + 1 < n < 0, 

+ PnMm,n+l + rnMm,n + qnMm,n-l- 
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For m + 1 < n < 1 let gm,n = -^m,n-i — Vn-iMm,n- Similarly to (21), we get 

9m,n+l — '^nl{n=m+l} ~l~ ^n9m,n- 

Recall the vectors Un defined in (17). Taking into account that 9m,n ^ 
Mm n-1 ^ Un-1, we obtain for m < —1, 



(30) 



Mmfl — gm,l — «Oa-l • • • «m+2(«m+l 

< aofl-i • • • am+2am+i(l + Um)- 
It follows that for m< —1, 



and hence 



m,OV 



-0201(1 + Mo)(fc), 



K{u:)<v,Y. 



T^u>{k)uo{k) + ^-K0i^{k)aiai-i ■ • -0201(1 +uo){k) 



i=l 



uo + ^aiai-i ■ ■ ■ a2ai{l + uq) 



i=l 



This completes the proof of part (b) of the proposition. 

Remark 4.2. The estimate for A{uj) that we obtained is not tight be- 
cause Um is a rather rough upper bound for 9m,m+i in (30). This estimate, 
or more precisely, the upper bound (30) for Mm,o will be used in the proof 
of Lemma 5.4. 



(c) Our aim is to show that the sequence {xn)n>o is ergodic under Q. The 
proof is standard (see, e.g., [6], pages 9-15, or [27], Section 2) and is based 
on the application of Lemma 3.5. We outline it here because the final step 
differs slightly from the corresponding argument for RWRE on Z'^. 

Let X := {xn)n>o and let A £ a{xn :n > 0) be an invariant set, that is, 
ri~^A = A, Q-a.s., where r] is the usual shift on the space (17 x 2?)^+ : {r]X)n = 
Xn+i- It suffices to show that Q{A) G {0, 1}. For x E ft x V let ¥x he the law 
of the Markov chain {xn)n£Z+ with the initial state xq = x. Set h{x) = ¥x{A). 

By Lemma 3.5 there exists a set B ^ T ® Sd such that h{x) = I_b(x), 
Q-a.s. It remains to show that Q{B) S {0, 1}. By the martingale property of 
the sequence h{xn), Ib{x) = KIb{x), Q-a.s. Write B = [j,^^-jyBi x {i}. We 
have P-a.s. (since Q ^ P) for all i G P, 

Ib, (w) = 1^(0;, i) = KlsiuJ, i) 

= Y,[pQ{i.j)'^B,{Ouj)+ro{i,j)lB,{uj)+qQ{i,j)lB^{e-^u^)]. 
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Since I^. takes only two values, either or 1, J2jevPi'''^j) +^{hj) +l{hj) = 
1, and Po{i,j) > for any i,j S D, P-a.s., we obtain that 

(31) lB,{uj)=lB^{eu;) for alii, jeV, P-a.s. 

In particular, iBj(w) are invariant functions of the ergodic sequence {uJn)n£Z 
and hence P{Bi) G {0,1}. Furthermore, by (31) and the translation invari- 
ance of the measure P, P{Bi) = P{9Bj) = P{Bj) for every i,j E T). It follows 
from (31) that 

P0lmrf(B)G{O,l}, 

where Im^^ is the counting probability measure on 2?, that is, \md{i) = l/d 
for all i £T>. This completes the proof of claim (c) because Q ^ P and hence, 
by (28), Q-P0lmd. 

Remark 4.3. Note that the only property of the stationary measure Q 
that we use in the proof is that Q. = Q ® P^ and Q ® P ^ Im^. This 
observation will be used in the proof of Proposition 4.8. 

(d) Let Qq be an invariant probability measure for the kernel K such that 
Qq-^P ® Im^. It follows from the ergodic theorem that for any measurable 
set A G T 0Sx>, we have Q vr^^-a.s., 

1 n— 1 n—1 

Taking the integral with respect to Qo{dx), and using the fact that Q ^ P, 
we obtain that Qo{A) = Q(^). The proof of the proposition is completed. 
□ 



We turn now to the proof that in an i.i.d. environment x„ converges 
under to the limit distribution Q. The proof is similar to that of the 
analogous statement for RWRE on Z'^ (see [17] for d=l and [26] for d> 1) 
and uses a renewal structure that we proceed now to introduce. 

For n e N, let 

(33) Xn = infCi, 
and fix any i* gD such that 

(34) r*(xo<o)<i. 

Such i* exists because IP'(xo ^ 0) = 1 for all i £ T) means (by the strong 
Markov property of the random walk in a fixed environment) that P'^(^n ^ 
i.o.) = 1 for all /i E A^d- This would imply that Xn is either transient to 
the left or recurrent and hence contradicts Condition D. 
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Let Tq = and for n>l define 

T* = inf{m > T*_^ ■.m = Ti^ for some k>Q and Ym = i*}. 

Thus T* is a subsequence of random times corresponding to the indexes 
k such that Ynp^. = i* , that is, the random walk hits the layer {k} x T> at 
height i* . 

Next, let p_i = — 1 and for n > define 



Pn = inf < m > Pn-i '■ max^j = Cm < min^,- and Ym = i 

Note that (pn)n>o is a subsequence of {T*)n>o- At times pn- (i) the path of 
the random walk hits some layer {m} xD at first time, (ii) its altitude (the 
second component) is i*, and (iii) the random walk will never return again 
to this layer. 

Lemma 4.4. Let the conditions of Theorem 2.4 hold. Then for any p G 
Ai^ we have P^(/On < oo for all n>0) = 1. 

Proof. First, we shall prove that 

(35) P^(r* < oo for all neN) = 1. 

Toward this end observe that for any A; G N and any increasing sequence of 
positive integers (a„,)„gN we have 

P^(r,* < 00,r,Vi =^)<J2 Ep{Pli{n = Tn,T^+l > «n)) 

neN 

(36) = E EpiPHin = Tn)PfndTi > «„,)) 

neN 

<Y^r'{T*>an). 

With r/*(z, j) := r]n{i,j)I{j^i*}, we have for any n € N, 

P^iT^ = oo) < PiiiT^ > T„) < U . ..7j:_,\\ < ||r?S|| • • • 
By condition C4 and the ergodic theorem, 

n—l 

lim - Vlog||r/fc|| =£:p(log||r?o||) <0, ^-a-s. 

n — >oo 77, ^ — ' 

fc=0 

Therefore, P^(rf = oo) = hm„_ooP^(Tf' > r„) = by the bounded conver- 
gence theorem. This shows that we can choose a sequence a„ to make the 
rightmost expression in (36) arbitrarily small and therefore proves (35). 
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Let A denote the event {p„ = oo for some n > 0}. Our aim is to prove 
that P^(A) = for any fi G Md- For n > 0, let 

kn = ini{i>T::^i = ^T*}. 

Then 

A = [J Am where A^ ■= {kn < oo for all n > m}. 

m>0 

Fix now any m > 0, let /iq = ^t* , 90 = and on the event A^ define for 
n>0, 

hn+i = inf { j > kg^ :j=T* for some i e N} = T*^^_^ , 

where the last equality defines random variables gn, n> 1. We note that 
this construction is reminiscent of the renewal structure for RWRE on M.'^ 
introduced in [26] and /i„ are a counterpart of their "fresh times." In words, 
hn+i = is the first time after kg^ (which is the time of the first return 

to level ^T* after T*^ ) when the path of the random walk hits a fresh part 
of the environment (i.e., a new level on the right of ^t* ) and its height at 
that moment is i* . 

For the fixed value of the parameter m and n G N, let A^.n denote the 
event {kg. < co for i = 0, . . . ,n}. Then, since P is a product measure, 

F^(A^)<P^(^„^,n+l)= VF'^' 

= J2 Ep{P!i{Am,n,ih^ = x)Pf.Mo < 0)) 

= ^p^(A^,„,eh„ = x)r*(xo<o) 

= p^(A„.„)r*(xo<o)<---<[r*(xo<or - o, 

n — ^oo 

where we use the fact that the random variable Pil^{Am,n,^hn — ^) mea- 
surable with respect to (t(w„ :n < x) while Pgx^^ixo < 0) is measurable with 
respect to a{u)n '■n'>x). The proof of the lemma is therefore complete. □ 

Define a probability measure P on (Z x 2?)^+ x $7 by setting 

(37) P((X„)„>o G -,0; G ■) =r\{Xn)n>o e -,0; G -Ixo > 0). 

Note that for any A G (y{Xn : > 0), 

'^*(^nxo>o) ^p(Pi*(^nxo>o)) 



¥{A) 



Xxo>0) ^p(Pr (X0>0)) 
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^ Ep{7rUn)-EpiP!;{Anxo>0)) 
Ep{7TUi*))-EpiP^*{Xo>0)) 

^ Ep{7rUi*)P^ {Anxo>0)) 
Ep{7rUi*)Pi:ixo>0)) 

where we use the fact that the random vector vr^ is measurable with re- 
spect to cr{LOn : n < 0) while {ACixo > 0) is measurable with respect to 
a{uJn : n > 0). 

For k>0, denote 

Gk = 0-{pi,. ■ .,Pk,Xo, . . . ,Xp^,{u}n)n<^pJ- 

The next proposition is the key to the proof of Theorem 2.4. 

Proposition 4.5. Let the conditions of Theorem 2.4 hold. Then, 

(39) 

= P((X„)„>0 G ■,{uJi)i>o G •) 
for any p G Ai^ and k>0. 

Corollary 4.6. Under the conditions of Theorem 2.4, random M^- 
vectors {^po,Po), (Cpi - ^po^ Pi " Po), • • • , (Cp„ - Cp„-i , Pn - Pn-i), • • • are in- 
dependent under for any Md- Furthermore, the random vectors (.^p^ — 
?Po'Pi-Po),---,(Cp„-Cpn-i,Pn-Pn-i),-- - are distributed under as (Cpi,Pi) 
under P. 

The proof of the proposition and the corollary is similar to the proof of 
Theorem 1.4 in [26] (see also Lemma 3.2.3 in [27]). For the sake of com- 
pleteness we outline it here, following the proof in [27], pages 263-264. 
First, observe that for any integer number m>k and ^fc-measurable random 
variable h there exists a random variable h^, measurable with respect to 
a{{Xi - Xo)i<T^,{uJn)n<m), such that = hml{xm>m}- Therefore, 

for any measurable sets A C (M^)^+ and B C we have 

E^(lA[(Xp,+n - Xpjn>0] • IB[H,,+^)^>0] " h) 



J2 Ep{IB[iu^+^)^>o] ' i^^^ (1^ [(^T„+n " ^T..)n>o] " h • I{p,=T™.})) 

■n>k 

X! Ep{lB[{uJm+i)i>o] ■ Ee"^uj{'^A[{Xn - ^o)n>o] " I{xo>0}) ' E^{hm)) 



m>k 



J2 ^''(jAiiXn - Xo)„>o] • lB[(^^i).>o] • l{xo>0}) " ^^{hm), 



m>k 
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where we use the Markov property in the second equahty and the i.i.d. 
structure of the environment in the last one. Substituting A = {R'^)^+ and 
B = yields 

E^(/i) = J2 r*(lto>0}) =r*(XO >0) • ^''(hr,^). 

m>k m>k 

Therefore, we get 

= E(Ia[(X„ - Xo)„>o] • lB[{uJi\>G]) ■ ^^{h), 

which is equivalent to (39). The corollary follows from (39) by considering 
the finite-dimensional distributions and using induction. 

The next step toward the proof of Theorem 2.4 is to show that E(/Oi) < oo, 
where E is the expectation with respect to the measure P defined in (37). 

Lemma 4.7. Let the conditions of Theorem 2.4 hold. Then E(pi) < oo. 

Proof. Recall the random variables Xn defined in (33) and let ran- 
dom numbers A„ be defined by the equation p„ = T\^ , n > 0. The sequence 
! Xn)nGN is stationary under P"^, and the definition of can be rewrit- 
ten on the event {Iq = «*, xo > 0} as A„ = inf{m > A„_i : Yt^ = i*,Xm > "m-} 
with Ao = 0. That is, A„ for n > can be viewed as the time of nth re- 
turn to the set {i*} x N by the sequence (5^t,„, Xm — rn)m>o. By Lemma 4.4, 
¥^(Yti^ = i* and Xfc > i.o.) = 1. Therefore, by Kac's recurrence lemma (cf. 
Theorem 3.3 in [12], page 348), 

E(Ai) = E'^(Ai|Fto = r ,Xo > 0) = l/P"(yTo = i*, xo > O) < oo, 

where the first equality is due to the identity (38). 
On one hand, it follows from Corollary 4.6 that 

Pn/n = Tx„/n E(pi), P-a.s., 

n — ^oo 

and on the other hand, by Lemma 3.2 and Corollary 4.6, 

Zk = Ik.^ ^ E^(ri) •E(Ai), P-a.s. 

n An n n^oo 

Therefore, E(yOi) = E'^(ri) • E(Ai) < oo and the proof of the lemma is com- 
pleted. □ 

We are now in the position to complete the proof of Theorem 2.4. The 
rest of the proof is similar to that given in [17] and [26] and relies on an 
application of the renewal theorem. 
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Completion of the Proof of Theorem 2.4. By the ergodic theo- 
rem and Proposition 4.1, for any bounded measurable function / : x 5© — > 
R and the Markov chain x„ = {6^"L0,Yn), 

n—l 

Urn - ^ fix,) = Eq(/(xo)), Q-a.s., 

where Eq stands for the expectation with respect to the measure Q. By 
part (ii) of Proposition 4.1 and (28), the convergence is also P'^-a.s. Hence, 
if hm„_>oo E'^(/(a;n)) exists it is equal to E(q(/(xo)). Therefore, it suffices to 
prove the existence of the limit for arbitrary bounded continuous /. 

Let /:r2xP— >M be a bounded continuous function which depends on 
finitely many coordinates only, that is, / is measurable with respect to 
cr{uJn '■ \n\ < N) <^ St> for some N gN. For any i £T> and n > 1, write 

E^(/(aJ„, y„)) = E^(/(aJ„, Yn); pN+i > n) + E^(/(cJ„„ Yn);PN+i < n). 

The first term in the right-hand side tends to zero when n goes to infinity. 
To evaluate the second term we write 

E^(/(cJ„,y„;pjv+i<n)) 
oo 

= ^E^'{f{i:Jn,Yn); Pi+N <n< Pi+N+l) 
i=l 

= ^W{f{eyu:,j)]pi+N < 7i< Pi+N+l: Pi = m,Cp^ =x,Xn = {y,j)), 

where the last sum is taken over all i,m£'N,x,y £7j,j £ D. Note that on the 
event {pi+N <n< pi+iy+i,pi = 771,^^. = x, Xn = (y, j')}, the random variable 
f(9yuj,j) is a{ujz '■ z > x)-measurable because, by the definition of the random 
times Pi, 

x = i <£ -N <y-N. 
Therefore, by Proposition 4.5, 
E'^(/(uJ„,y„);pjv+i<n) 

oo 

=EE E Y.^'{p^=m,i,.=x) 

X E{f{ey~''u;,j);pN <n-m< pN+i,Xn-m = {v - x,j)) 

n 

= J2 ^'"{n -t = pi for some i G N) • E(/(uJt, Ft); ptv < * < Pn+i). 

By condition C4 and (34), P* (pi = 1) > 0. It follows from Corollary 4.6 and 
the renewal theorem for arithmetic distributions (cf. [13], Volume II, page 
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347) that 

P^(n -t = Pi for some i G N) 

= (n — t — On = Pi — pn for some i G N) — > — . 

"^°°E(pi) 

Note that by Proposition 4.5, random variable n — t — pQ is independent of 
the sequence (p„ — Pn~i)n>i- Therefore, one can first condition on the value 
of "delay" po) apply the cited renewal theorem, and then use the bounded 
convergence theorem in order to get this result. 

By Proposition 4.5 and Lemma 4.7, J2t^o^{PN < ^ < Pn+i) = ^(pi) is 
finite. Therefore, the following limit exists and is a finite number: 

lim E^(/(uJ„,,y„);pAr+i <n) 
n— >oo 

oo 

This proves the convergence of K^^{f{uJn, Yn)) for bounded functions / which 
depend on finitely many coordinates only. Since we can assume without loss 
of generality that the space x 2? is compact [because we can consider the 
sequence tD„ = {pn, r„, n G Z, as an environment], the claim for arbitrary 
bounded continuous functions follows by a standard argument and we omit 
it. This completes the proof of the theorem. □ 



We conclude this section with the proof of the converse part of Theorem 
2.3. The method of the proof of the LLN for ^„ with the help of the auxiliary 
Markov chain = {xn,(,n+i — ^n) goes back to Kozlov [20] while the idea 
to use [3], Theorem 1, for the proof that the asymptotic speed of a RWRE 
is strictly positive is due to Bremont (cf. [7], Theorem 3.5(ii)). 

Proposition 4.8. Let Conditions C and D hold and suppose in addition 
that there exists a stationary distribution Qq for the Markov chain = 
{9^"uJ,Yn),n > 0, which is equivalent to P {counting measure on V}. Then 
Vp > and Qq coincides with the measure Q defined in (12). 

Proof. Let Qo denote the joint law of the environment lo and of the 
random walk (X„)„>o with = 0, induced by the initial distribution Qq 
of {uj,Yq) and by the quenched measure P^j on the path space of the ran- 
dom walk Xn- By Remark 4.3, the Markov chain Xn = {9^'^uj,Yn), n > 0, 
is stationary and ergodic under Qq. Consider now the Markov chain x^ — 
(xm^n+i — S,n), n>0. Using again Lemma 3.5 and the fact that the tran- 
sitions of Xn depend on the position of x„ only but not on the value of 
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Cn — Cn-i> it is not hard to see that the process {xn)n>o is stationary and 
ergodic under Qq. Therefore, by the ergodic theorem, 

t 1 " 

— = -y2iCn-Cn-i) ^ IEqo(6), Qo-a.s. and P"-a.s., 

n=l 

where Eqq stands for the expectation with respect to the measure Qo- More- 
over, since Xn is transient to the right, Eqq(^i) > 0. But if Eq(,(^i) = 0, then 
QoiCn = i.o.) = 1 by the recurrence theorem for partial sums of a transfor- 
mation of stationary and ergodic sequence due to [3]. Since ¥^ is equivalent 
to Qo) this would imply that P'^(^n = i.o.) = 1 as well, and hence contra- 
dicts Condition D. Therefore Vp >0 and Qo coincides with Q by Proposition 
3.2. □ 

5. Annealed CLT for uniformly mixing environments. This section is 
devoted to the proof of Theorem 2.5. The annealed CLT for ^„ is derived 
from the corresponding result for the hitting times T„ by using the following 
observation. 

Lemma 5.1. Let the conditions of Theorem 2.5 hold and assume that 
for some ^ G o,nd suitable constants a > and cj > 0, (r„ — an^j^/n^ 
iV(0,a2) underW. Then under Ff" , {^n - c^-^n)/^/n ^ N{0,a'^a-^). 

Proof. The proof is similar to that for RWRE on Z (see [18] or [2]) 
except one point where we need to take into account that the sequence Yt„ 
(i.e., the position of the random walk within the layer n when it visits the 
layer first time) is not necessarily stationary under P^. For any positive 
integers a, b, n we have 

(40) {Ta>n}c{^n<a}c{Ta+b>n}ij{ inf - {a + b) < -b] . 

The first inclusion above expresses the fact that £,n ^ cl unless the level a 
has been already crossed by the random walk before time n, whereas the 
second one tells that if < a but Ta+b < n, then the maximal excursion of 
the random walk to the left after Ta+b and before escaping to -|-oo is at least 
of the length {a + b) — a = b. 

Since Xn is transient to the right and 

P^ ( Jnf^^ < «) = Ep (j:Pi.,,Jxo < -b)Pii{YT^,, = j)) 

<maxP^'(xo<-fe), 

the probability of the rightmost event in (40) can be made arbitrarily small 
uniformly in n and a by fixing b large. 



26 



A. ROITERSHTEIN 



It follows from (40) that 

(41) r'(r, >n)< P^(^„ < a) < P'^(r,+6 > n) + maxFJ (xo < -6). 

To complete the proof one can set a = a{n) = nVp +xv^J'^y/n + o{^/n), a: S M, 
and then pass to the limit in (41) using the limit theorem for T„, letting 
first n and then h go to infinity. The full argument is detailed in [2], page 
344, and thus is omitted here. □ 

In order to show that the CLT holds for r„ we shall apply to Zn = Tn — v~^ 
the following general central limit theorem for uniformly mixing sequences 
(see [12], page 427). 

Theorem 5.2. Let {Zn)n£Z be a stationary random sequence such that 
K^'iZo) = and E''(Z^) <oo. For neN let J^" = a{Zi :i>n),J^n = cr{Zi : i < 
n), 

(42) /3(n) =sup{P^(A|B) -P^(A):Ag J^o,F^(5) >0} 

and suppose that J2'^^i \//3(2") < oo. If Sn = ELi then Sn/y/n =^ aN{0, 1), 
where 

oo 

(43) c72=E^(Zi2) + 2^E^(ZiZ„). 

n=2 

We note that once the convergence of Sn/\/n under P'^ is established, the 
convergence under P^ for an arbitrary fj, £ M^i follows from part (c) of 
Lemma 3.3 along with assumption (iv) of Theorem 2.5. Indeed, for any m > 
0, (r„ - nv-^)/^ aN{0, 1) if and only if (r„, - - (n - m)v-^)/./E 
aN {0,1), and the distribution functions of {Tn — Tm — {n — m)v~^)/^/n under 
¥^ and P'^ differ by a factor which is o(l) as m ^ oo. Namely, letting Rm,n ■= 
Tn — Tjn — (n — m)v~^ , we have 

|P^(i?m,n/V^ <X)- P"(i?„,„/V^ < X)\ 

< J2 Ep{\Pi:{Ym =i)- P:{Ym =i)\- PUR0,m-n/V^ < x)) 

< d ■ Ep{co ■ ■ ■ CmP^{Ro,m-n/ y/n < x)) < d ■ Ep{cQ ■■■Cm)- 

Taking m to infinity completes the proof of the claim. 

Therefore, in order to prove Theorem 2.5 it suffices to check that the 
second moment condition and the mixing condition of Theorem 5.2 hold for 
Zn = Tn — Vp, and that the limiting variance defined in (43) is strictly 
positive under the conditions of Theorem 2.5. 
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The next proposition shows that the sequence r„ — Vp is uniformly mixing 
under P'^ with a mixing rate fast enough to apply the general CLT. In 
the case of one-dimensional RWRE closely related results can be found in 
[21] (cf. Lemma 4) and [27] (cf. Lemma 2.1.10). The proof for RWRE on 
strips is more involved but is based on essentially the same idea. Namely, 
it holds with a large probability that inf j>T^^^ >m + n/2, that is, the 
cr-fields J-m and ^'"+" are essentially well separated enabling the use of 
the mixing properties of the environment. Note that by part (iii) of Lemma 
3.3, Pa;(^T™+„ =il^T,n = i) ^ T^e^+^^ujU) Uniformly on i,j £ V and m > for 
large n, that is, the random walk "forgets" its starting position Yq. 

Proposition 5.3. Let the conditions of Theorem 2.5 hold and let = 
Tn ~ Vp, n G N. Then J2'n=i vWj^ < oo where the mixing coefficients P{n) 
are defined in (42). 

Proof. For m G N and n G N U {oo} let 7^ denote {Zi)f^^. For n, m G 
N, measurable events A, B and G Md-, write 



p'^(r-+3„+iG^|TrGi? 



(44) 



and 



4^ • Ep (^E ^^(^-+3n+i e ^ n rr G i?)/..(i) j 

= ( E ^-(^r+3n+i e A\rr GB,Xo = (0, i)) 
\ Kiev 

xp:(TrGS)^.(i)jj 

X [P'^(Ti'"gS)]~i 
PUT-^^+Sn+i e A\Tr €B,Xo = (0,^)) 



(45) = E PU'r;^+3n=i e A\YT^=j) . PUYT^=j\Tr eB,Xo = (0,z)) 

= E Pi'r.JT,^+i G A) . PUYt^ =j\Tr €B,Xo = (0,i)). 
jev 

Next, Pin.jm+1 eA)= Y.kev Pin.jYT,„ = k) ■ Pgt+^,.jrr G A), and, us- 
ing the notation of Lemma 3.3, we have P-a.s., 

\P0"^uii^T3„ =k)- 7rm+3n{j, k)\ < CmCm+1 • • • Cm+3n-l, j, keV. 
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Therefore, with probabihty 1, we have for all j G D, 

and hence, by using (45), P-a.s. for any i €T>, 

|P.(r-+3„+i E A\Tr GB,Xo = (0,i)) - pX^„^:"(T- E A)\ 

^ ■ ■ ■ Cm-\-3n—l- 

By (44) this implies that 

Ep{p;r::z^{Tr e ^)p^^(Tr e b)) 



p^(r-3„+iE^|rrEi?) 



(46) 2 ' 

- Ff^iir^B) ■ ^^^'"^ ■ ■ ■ ^-+3n-iP^irr E S)). 

We next show that the rightmost expression in (46) decays (as function of 
n) at least as ^p{n) [defined on (13)] with an exponentially small correction 
term, that is, there exist constants Ki > and K2 > such that for all 
m E N, 

PA'(T'" E B) '^P^^^'" Cm+3n-l-Pt^^(7'r E B)) 

(47) ^ 
<^(n)+Kie-^2n^ 

Note that c„ = 1 — maxjgx) minjgx) Vnii,j) is a function of {uJk)k<n and there- 
fore we cannot use the mixing property of the environment directly in order 
to separate Cm ■ ■ -Cm+Zn-i and Pl^{T{^ E B). Rather, we shall approximate 
Ci by some functions measurable with respect to the u-algebra generated by 
a finite interval of the environment. 

Define for A; E N, n E Z and i,jGT> the following functions of the envi- 
ronment (jo: 

fn^kii) = PUxo<n- k\Xo = {n,i)), 
Vn,k{i,j) = Pu{Yti =j,Xo >n-k\Xo = (n,i)), 

(48) 

Cn,k = 1 - maxmmr/^ fc(^, j). 

The numbers Cn,k approximate c„ and, in contrast to the latter, are mea- 
surable with respect to a <T-algebra generated by a finite interval of the 
environment [namely, w.r.t. a{uji ■.n — k + l<i< n)]. The quantity T7^(i, j) 
is the probability that the walk starting at site (n, i) reaches the layer n — 1 
at point (n — 1, j). Note that P-a.s., 

Cn < Cn,k < C„ + m^/n,fc(i) < Cn + \\r]~ ■ ■■'lln-k+lW- 
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(49) 



In particular this implies that for k,m,nG N, 

m+n m+n 

n ~ n 

i=m i=m 

Cm+n m+n \ / m+n m+n \ 

Cm,fc W Cjjfc Cm,k W ''"i,fc Cj Cm, Cj 

j=m+l j=m+l / \ i=m+l i=m+l / 

(m+n m+n \ 

n ~ n + ('^'".'^ - Cm) < • • • 
i=m+l i=m+l / 

n+m 

< hi ■■■vi-k+iW 

i=m 

We need the following lemma. 

Lemma 5.4. Let the conditions of Theorem 2.5 hold. Then, there exist 
constants K^, > and > such that 

^maxP^(,^fc = —n for some /c G F 

= Sp(ho~ • • • C„+ill) < i^se-^^", n G N. 

Proof. By Chebyshev's inequality and inequality (30), we have for all 

n G N, 

Ep{\\r^^---r-n+i\\)<Ep{\\Mnfl\\) 

< Ep{\\aoa-i ■ ■ ■ a_n+2a_n+i(l + u-n)\\), 

where the random vectors M„ o and defined in (29) and (17), respec- 

tively. 

Therefore, by the Cauchy-Schwarz inequality. 



Ep{\\r]o ■ ■■vZn+iW) < ^/Ep{\\aoa^i ■ ■ ■ a_„+i||2)i?p(||l + n_„||2). 
Using the notation introduced in the proof of Lemma 3.6, 

Ep{\\U-nf) 

(50) Ep{\\y^n+l + V-ny-n+2 + ll-nV-n+W-n+S H h r/_„ • • • 77_iyi||^) 

< ^p([||y_„+i|| + ||y-„+2|| + • • • + llyill]') <{n + l)^p(||yof), 

where in the last step we use the fact that the sequence (yn)n<o is stationary 
in virtue of (21). In fact, similarly to (22), we have yn = bn + o-nbn-i + 

O'nan-lbn-2 H ■ 
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Finally, using (22), Minkowski's incquctlity and tliG bound (10) for H^y^H, 
we get 

oo 

[Ep{\\yoft'^ < [EpiWbofP' + E [EpiWao ■ ■ ■ a_„+i6_„f )] V2 

<l/e.h + f;[i?p(||ao---a_„+if)]i/2V 

The proof of the lemma is complete in view of assumption (ii) of Theorem 
2.5. □ 

Coming back now to the rightmost expression of (46) we get, using the 
mixing and the translation invariance properties of the environment together 
with (49), 

f>fi(j-m g ■ Epi^m ■ ■ ■ Cm+3„_iP^(ri"" G B)) 

(52) 

<Ep{ 

C-m+2n,n ' ' ' Cm+Sn— l,n 

< Ep{co ■ ■ ■ Cn-i) + nEp{\\r]f^ ■ • -Cn+ill) + 

where the mixing coefficients (p{n) are defined in (13). This proves (47) in 
virtue of assumption (iv) of Theorem 2.5 and Lemma 5.4. 

The last step of the proof is to show that there exist constants K5 > 
and Kq > such that for all m S N, 

Ep{PXtZ^irr G A)Pi}iTr G B)) 



G{A,B): 
(53) 



P/^(T™ G B) 



'{T{^ e A) 



This estimate combined together with (46) and (47) yields the claim of the 
lemma. 

In order to prove the exponential upper bound for G{A,B) we shall 
first approximate Pg^+3„^{Tf° £ A) by Pg^+3„^(Tj^^ e A, Xm+3n >m + n) + 
Pg7n+3n^_j{Xm+3n <m + n) where the random variables Xn are defined in (33). 
Note that both the summands in the approximation term are measurable 
with respect to a{uJi : i > m + n). Furthermore, for any i £T> and n G N we 
have P-a.s., 

P^(r~ eA)- P^rr eA,xo>-n)< pUxo < -n) 

(54) 

= r/o •••r7_„l(«). 
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Next, we shall approximate vrgm+sn^ by 

7rg»n+3n(^ „ := &lTj2n,n " " " f]'in-~l,m 

where the random matrices "q^^k are defined in (48). For any n G N we have 

1 1 TT;,; '^1,! .n 1 1 

-71, n ■ ■ ■ ^— l,n II 



(55) 



< IFo; - eiri_n---'n-i\\ + ||eir/_„ • • -T?.! - ei7?_ 

n 

< c_„ • • • c_i + ^ ||r7_i - ?y-i,n|| 



<c_ 



i=l 

n 

■c-i + ^||Cr--Ci-n+il 



where in the last but one step we use Lemma 3.3 in order to bound the first 
term and the iteration argument similar to the one leading to (49) in order 
to bound the second one. 

It follows from (54) and (55) that 



< PZirr G A) -Y,7r^,n{i)PU'rr G AXO > m+2n) 

i=l 



(56) 



i=l 



+ E ^u.,nmKi'rr G ^) - p^.i'rr e ^, xo > ^ + 2n)) 



<d 



i=l 



Therefore, using (47) and Lemma 30, we obtain that the following inequality 
holds with suitable constants Kj,Ks and Kg: 



G{A,B) 



EpiEti 7re^+3.,,„(i)P^„+3n,Cri~ G A)Pij{Tr G B)) 



< P-(Ti- eA)-Ep ^u.,nii)K e ^, Xo > -n) j 
+ (K7 + l)v^(?i)+i^8e"'^^", 



(T^ G ^) 
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which proves (53) m view of (56). The proof of Proposition 5.3 is thus 
complete. □ 

The next lemma shows that E'^(rf ) < oo under the conditions of Theorem 
2.5. 

Lemma 5.5. Let the conditions of Theorem 2.5 hold. Then E'^(rf ) < oo. 

Proof. Consider the RWRE {Xk)k>o with Xq = (n, i), where n < and 
i £T>. Taking the square in both sides of identity (18) yields 

Recall the vectors Un defined in (17). Taking in the last identity quenched 
expectations and using the notation wl^ = Ei^{T^\Xo = (n,i)) and Wn = 
(w^, . . . ,wfi), we obtain 

= 1 + QnWn-l + TnWn + PnWn+l + ^QnUn-l + 2r„n„ + 2pnUn+l 

(57) 

= qnWn^l + rnWn + PnWn+l + 2Un - 1. 

Let zi := wq and for n < 0, z„ := Wn-i — rjn-iWn using the convention that 
oo — cx) = oo. Substituting Wn-i = Zn + rjn-iWn in (57) we obtain, similarly 
to (21) and (22), 

Zn+i =7n(2u„ - 1) + a„Zn, n>0, 

and 

oo 

wo = zi = 70(2^0 - 1) + X aoo-i • • •a_„+i7_„,(2'u_„ - 1). 

n=l 

To complete the proof it suffices to show that there are positive constants 
> and > such that for any n > 0, 

(58) ^p(||ao«-i • • • a_„+i7-nn_n||) < Kge-^^". 

Toward this end we first observe that 

Ep{\\aoa^i ■ • •a_„,+i7_„u„||) 

< Ep{\\aoa^i ■ --a-n+iW ■ \\u-n\\) 
<[i?p(||aoa_i-.-a_„+if)]V2.[^^(||^_^„||2)]i/2_ 

The estimate (58) with suitable constants and Kq follows now from 
inequalities (50) and (51) together with assumption (ii) of Theorem 2.5. 
This completes the proof of the lemma. □ 
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To conclude the proof of Theorem 2.5 it remains to show that cr^ defined 
in (43) is strictly positive for Z„ = r„, — v~^. To this end, we shall use a 
representation of as a sum of a "quenched" and an "annealed" contri- 
butions and will show that the "annealed" term must be strictly positive. 
Similar methods of estimating the limiting variance have been employed, for 
instance, in [7] (see Theorem 4.3 and especially (26) there) and [24] (see the 
proof of Lemma 3.4). In the case of the strip model, as it is first observed 
in [15], it is convenient to think that the "annealed" fluctuations are due 
both to the randomness of the environment lo and to the randomness of the 
sequence (lr„)n>i- 

Define for n > and i,j G D, 

u'ni^) = E^{ti\Xo = {n,i),Yri =j) -v~^, 

and observe that, since the random variables r„ are independent under the 
conditional measure i-Li('|(^r„)n.>o)) 

a' = E-((n - ^;i)2) + 2 Y: ]E-(^f '''"^ (^)n?"''^^"+^ (^)) 

n=l 

= E-(r2) - E^[{EUti\Xo = {n,i),Yr, = j)f] 

+ E-iiuf^'^^^ iu;)f] + 2 ^ E^uf^'^^^ {u:)ul^-'^-^' (u;)). 

n=2 

It follows that 0"^ > because Lemma 20.3 in [4], page 172, implies that 

oo 

En(nf°'''^^ (c.))^] + 2 ^ E-(uf '''^^ {u)uJ-^^-^' (u;)) 
= lim -E'^ 

n — >oo fi 

while Jensen's inequality together with the first inequality in (5) imply that 

E^{Tf)-E^[{EUri\Xo = {n,i),Y^, = > 0. 
The proof of Theorem 2.5 is complete. 
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